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Abstract
Let [n] = {1, 2, . . . , n} be a finite chain and let Pn be the semigroup
of partial transformations on [n]. Let CPn = {α ∈ Pn : (for all x, y ∈
Dom α) |xα− yα| ≤ |x− y|} be the subsemigroup of partial contraction
mappings on [n]. We have shown that the semigroup CPn and some of its
subsemigroups are nonregular left abundant semigroups for all n but not
right abundant for n ≥ 4.
2010 Mathematics Subject Classification. 20M20.
1 Introduction and Preliminaries
Let [n] = {1, 2, . . . , n} be a finite chain, a map α which has domain and image
both subsets of [n] is said to be a transformation. A transformation α whose
domain is a subset of [n] (i. e., Dom α ⊆ [n]) is said to be partial. The
collection of all partial transformations of [n] is known as semigroup of partial
transformations, usually denoted by Pn. A map α ∈ Pn is said to be order
preserving (resp., order reversing) if (for all x, y ∈ Dom α) x ≤ y implies
xα ≤ yα (resp. xα ≥ yα); is order decreasing if (for all x ∈ Dom α) xα ≤ x; an
isometry (i. e., distance preserving) if (for all x, y ∈ Dom α) |xα−yα| = |x−y|;
a contraction if (for all x, y ∈ Dom α) |xα − yα| ≤ |x − y|. Let CPn = {α ∈
Pn : (for all x, y ∈ Dom α) |xα − yα| ≤ |x − y|} and OCPn = {α ∈ CPn :
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(for all x, y ∈ Dom α) x ≤ y implies xα ≤ yα} be the subsemigroups of partial
contractions and of order preserving partial contractions of [n], respectively.
Further, the collection of all order preserving or order reversing partial con-
tractions denoted by ORCPn is a subsemigroup of ORPn (where ORPn de-
notes the semigroup of order preserving or order reversing partial transforma-
tions of [n]).
In 2013, Zhao and Yang [23] characterized the Green’s relations on the sub-
semigroup OCPn of CPn (OCPn is the semigroup of order preserving partial
contractions on [n]). Recently, Ali et al. [2] obtained a necessary and sufficient
condition for an element in CPn to be regular and also described all its Green’s
equivalences. Most of the results concerning regularity and Green’s relations for
some subsemigroups of CPn can be deduced from the results obtained in that
paper. Zhao and Yang [23] have shown that the semigroup OCPn (n > 2) is
nonregular. Similarly, Ali et al. [2] have shown that the semigroups CPn and
ORCPn are nonregular for n > 2. Thus, there is a need to identify the class
of semigroups to which they belong, for example, whether they are abundant
semigroups. Therefore, this paper is a natural sequel to Ali et al. [2].
This section includes a brief introduction giving some basic definitions and
introducing some new concepts. In section 2, we characterize all the starred
Green’s relations on the semigroups CPn, ORCPn and OCPn and show that
D∗ = J ∗ [5]. In section 3, we show that the collection of all strongly regular
elements of ORCPn is a subsemigroup and in section 4, we show that the
semigroups CPn, ORCPn and OCPn are left abundant for all n but not right
abundant for n ≥ 4.
For standard concepts in semigroup theory, we refer the reader to Howie [12]
and Higgins [11].
Let α be element of CPn. Let Dom α, Im α, h (α) and F (α) denote, the
domain of α, image of α, | Im α| and {x ∈ Dom α : xα = x} (i. e., the set
of fixed points of α), respectively. For α, β ∈ CPn, the composition of α and β
is defined as x(α ◦ β) = ((x)α)β for any x in Dom α. Without ambiguity, we
shall be using the notation αβ to denote α ◦ β.
Next, given any transformation α in ORCPn, the domain of α is partitioned
into p− blocks by the relation ker α = {(x, y) ∈ [n]× [n] : xα = yα} and so as
in [13], α can be expressed as
α =
(
A1 A2 . . . Ap
x1 x2 . . . xp
)
∈ Pn (1 ≤ p ≤ n), (1)
where, Ai (1 ≤ i ≤ p) are equivalence classes under the relation ker α, i. e.,
Ai = xiα
−1 (1 ≤ i ≤ p) and further Ker α is ordered under the usual ordering,
i. e., Ker α = {A1 < A2 < . . . < Ap}. Thus for the rest of the content of the
paper we shall consider α to be as expressed in (1) unless otherwise specified.
Now, letKer α = (Ai)i∈[p] = {A1, A2, . . . , Ap} be the partition of Dom α. A
subset Tα of [n] is said to be a transversal of the partition Ker α if |Ai∩Tα| = 1
(1 ≤ i ≤ p). A transversal Tα is said to be relatively convex if for all x, y ∈ Tα
with x ≤ y and if x ≤ z ≤ y (z ∈ Dom α), then z ∈ Tα. Notice that every convex
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transversal is necessarily relatively convex but not vice-versa. A transversal Tα
is said to be admissible if and only if the map Ai 7→ ti (ti ∈ Tα, i ∈ {1, 2, . . . , p})
is a contraction, see [2]. Notice that every convex transversal is admissible but
not vice-versa.
Let S be a semigroup and A be a subset of S, 〈A〉 denotes the semigroup
generated by A and is a subsemigroup of S. If 〈A〉 = S then A is said to generate
S and also 〈A〉 = A if and only if A is a subsemigroup of S. An element a in a
semigroup S is said to be an idempotent if and only if a2 = a. As usual E(S)
denotes the set of all idempotents in S. It is well known that an element α in
Pn is idempotent if and only if Im α = F (α). (Equivalently, α is idempotent
if and only if xi ∈ Ai for 1 ≤ i ≤ p, that is to say the blocks in Ker α are
stationary.)
Next, we quote some basic lemmas from [2] which would be useful for some
of the subsequent results.
Lemma 1.1 ([2], Lemma 1.3). For n ≥ 4, let α ∈ CPn such that there exists
k ∈ {2, . . . , p − 1} (3 ≤ p ≤ n) with |Ak| ≥ 2. If Ai < Aj (i < j) for all
i, j ∈ {1, 2, . . . , p} then the partition Ker α = {A1, A2, . . . , Ap} of Dom α has
no relatively convex transversal.
Corollary 1.2 ([2], Lemma 1.4). For n ≥ 4, let α ∈ ORCPn such that there
exists k ∈ {2, . . . , p − 1} (p ≥ 3) with |Ak| ≥ 2. Then the partition Ker α =
{A1, A2, . . . , Ap} of Dom α has no relatively convex transversal.
Lemma 1.3 ([2], Lemma 1.5). Let α ∈ CPn such that Ai < Aj for all i < j in
{1, 2, . . . , p} (p ≥ 3). If |Ai| = 1 for all 2 ≤ i ≤ p− 1 then the partition Ker α
of Dom α has an admissible transversal Tα.
Lemma 1.4 ([2] Lemma 1.8). Let α ∈ CPn and let A be a convex subset of
Dom α. Then Aα is convex.
Lemma 1.5 ([2], Corollary 4.2). Let α ∈ ORCPn. If | Im α| ≥ 3, then α is
regular if and only if either minAp − xp = maxA1 − x1 = d and Ai = {xi + d}
or minAp − x1 = maxA1 − xp = d and Ai = {xp−i+1 + d}, for i = 2, . . . , p− 1.
Equivalently, if Tα is admissible then α is regular if and only if α|Tα is an
isometry.
2 Starred Green’s relations
Let S be a semigroup. A relation L∗ defined as (∀ a, b ∈ S) aL∗b if and only
if a, b are related by the Green’s L∗ relation in some oversemigroup of S, is
known as the starred Green’s L relation. The relation R∗ is defined dually,
while the relation D∗ is defined as the join of the relations L∗ and R∗. The
intersection of L∗ and R∗ is denoted by H∗. A semigroup S is said to be left
abundant (resp., right abundant) if each L∗−class (resp., R∗−class) contains an
idempotent, it is called abundant if each L∗−class and R∗−class of S contains
an idempotent. An abundant semigroup in which the set E(S), of idempotents
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of S is a subsemigroup of S is called quasi adequate and if E(S) is commutative
then S is called adequate [4, 5].
Many nonregular classes of transformation semigroups were shown to be
either abundant or adequate, for example see [18, 19, 20, 21, 15, 16, 22, 14].
Recently, AlKharousi et al. have shown that the semigroup OCIn, of all order
preserving one to one contraction maps of a finite chain is adequate [3]. In this
section we are going to show that the semigroups CPn, OCPn, CT n and OCT n
are all left abundant (for all n) but not right abundant for n ≥ 4.
We shall use the following notation from ([12], Chapter 2). If U is a sub-
semigroup of a semigroup S then aLUb means that there exist u, v ∈ U1 such
that ua = b and vb = a, while aLSb means that there exist x, y ∈ S1 such that
xa = b and yb = a. Similarly, for the relation R.
Some of the earlier results concerning starred Green’s relations on a trans-
formation semigroup were obtained by Umar [18, 19, 20, 21], where he described
all the starred relations on the semigroups of order decreasing full and of or-
der decreasing partial one-one transformations of a chain, these papers marked
the beginning of the study of these relations on a transformation semigroup.
Recently, Garba et al. characterized these relations on the semigroup of full
contraction maps and of order preserving full contraction maps of a finite chain:
CT n and OCT n, respectively [7]. In this section, we characterize these relations
on the more general semigroup of partial contractions CPn and its subsemi-
groups of order preserving or order reversing partial contraction maps of a finite
chain ORCPn, and of order preserving partial contraction maps of a finite chain
OCPn, respectively. We equally show that the relations D∗ and J ∗ coincide on
these semigroups.
To begin our investigation let us start with the following. The relations
L∗ and R∗ have the following characterizations as described in ([12], Exercise
2.6.7-9) or as described in [4].
L∗ = {(a, b) : (∀x, y ∈ S1) ax = ay ⇔ bx = by} (2)
and
R∗ = {(a, b) : (∀x, y ∈ S1) xa = ya⇔ xb = yb} (3)
We next give the characterizations of these relations on the semigroups CPn,
ORCPn and OCPn as follows: Let S be a semigroup in {CPn,ORCPn,OCPn}.
Theorem 2.1. Let α, β ∈ S. Then
(i) αL∗β if and only if Im α = Im β.
(ii) αR∗β if and only if ker α = ker β.
(iii) αH∗β if and only if Im α = Im β and ker α = ker β.
(iv) αD∗β if and only if | Im α| = | Im β|.
Proof. (i) Let α, β be elements in S ∈ {CPn,ORCPn,OCPn} such that αL∗β
and Im α = {x1, x2, . . . , xp}. Further, let γ =
(
x1 x2 . . . xp
x1 x2 . . . xp
)
.
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Then clearly γ ∈ S and
α.
(
x1 x2 . . . xp
x1 x2 . . . xp
)
= α · 1[n] (by (2))
⇔ β ·
(
x1 x2 . . . xp
x1 x2 . . . xp
)
= β · 1[n]
which implies that Im β ⊆ {x1, x2, . . . , xp} = Im α. Similarly in the same
manner we can have Im α ⊆ Im β. Thus, Im α = Im β.
Conversely, suppose that Im α = Im β. Then by ([12], Excercise 2.6, 17)
αLPnβ and it follows from definition that αL∗β. Thus, the result follows.
(ii) Suppose that α, β ∈ S and αR∗β. Then (x, y) ∈ ker α if and only if
xα = yα⇔
(
Dom α
x
)
◦ α =
(
Dom α
y
)
◦ α (by (3))
⇔
(
Dom α
x
)
◦ β =
(
Dom α
y
)
◦ β.
⇔ xβ = yβ
⇔ (x, y) ∈ ker β.
Hence ker α = ker β.
Conversely, suppose that ker α = ker β. Then by ([12], Excercise 2.6, 17)
αRPnβ and it follows from definition that αR∗β. (iii) This follows from (i) and
(ii).
(iv) Suppose that αD∗β. Then by ([12], Proposition 1.5.11) there exist ele-
ments γ1, γ2, . . . , γ2n−1 ∈ S such that αL∗γ1, γ1R∗γ2, γ2L∗γ3, . . . , γ2n−1R∗β
for some n ∈ N. Thus, by (i) and (ii) we have Im α = Im γ1, ker γ1 = ker γ2,
Im γ2 = Im γ3 . . . , ker γ2n−1 = ker β. This implies that | Im α| = | Im γ1| =
|Dom γ1/ ker γ1| = |Dom γ2/ ker γ2| = . . . = |Dom γ2n−1/ ker γ2n−1| =
|Dom β/ ker β| = | Im β|.
Conversely, suppose that | Im α| = | Im β| where
α =
(
A1 A2 . . . Ap
x1 x2 . . . xp
)
and β =
(
B1 B2 . . . Bp
y1 y2 . . . yp
)
(p ≤ n) (4)
such that the map xi 7→ yi (i = 1, 2, . . . , p) is an isometry. Then the map
γ =
(
B1 B2 . . . Bp
x1 x2 . . . xp
)
is in S. Moreover, by (i) and (ii), it follows that
αL∗γ and γR∗β. Thus, by ([12] Proposition 1.5.11) we have αD∗γ and the
proof is complete.
A left (resp. right) ∗−ideal of a semigroup S is defined as the left (rep.
right) ideal of S for which L∗a ⊆ I (resp. R
∗
a ⊆ I) for all a ∈ I. A subset
I of a semigroup S is a ∗−ideal if it is both left and right ∗−ideal of S. The
principal J ∗ ∗−ideal, J∗(a), generated by a ∈ S is the intersection of all ∗−ideal
of S containing a, where the relation J ∗ is defined as: aJ ∗b if and only if
J∗(a) = J∗(b) for all a, b ∈ S. We now recognize the following lemma from
Fountain [5].
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Lemma 2.2 ( [5]). Let a,b be elements of a semigroup S. Then b ∈ J∗(a) if and
only if there are elements a0, a1, . . . , an ∈ S, x1, x2, . . . , xn, y1, y2, . . . , yn ∈ S1
such that a = a0, b = an and (ai, xiai−1yi) ∈ D∗ for i = 1, 2, . . . , n.
As in [19], we immediately have:
Lemma 2.3. Let S be in {CPn,ORCPn,OCPn}. Then for α, β ∈ S, α ∈
J∗(β) implies | Im α| ≤ | Im β|.
Proof. Let α ∈ J∗(β), then by lemma(2.2), there exist η0, η1 . . . , ηn ∈ S,
ρ1, ρ2, . . . , ρn, τ1, τ2, . . . , τn ∈ S1 such that β = η0, α = ηn and (ηi, ρiηi−1τi) ∈
D∗ for i = 1, 2, . . . , n. Thus, by Theorem(2.1)(iv), it implies that
| Im ηi| = | Im ρiηi−1τi| ≤ | Im ηi| for i = 1, 2, . . . , n,
which implies that | Im α| ≤ | Im β|.
Notice that, D∗ ⊆ J ∗ and together with Lemma (2.3) we have:
Corollary 2.4. On the semigroups CPn, ORCPn or OCPn we have D∗ = J ∗.
We now are going to show in the next lemma that if S ∈ {CPn, OCPn, ORCPn}
then S is left abundant.
Lemma 2.5. Let S ∈ {CPn,OCPn,ORCPn}. Then S is left abundant.
Proof. Let α ∈ S and L∗α be an L
∗−class of α in S, where α =
(
A1 A2 . . . Ap
x1 x2 . . . xp
)
(1 ≤ p ≤ n). Define γ =
(
x1 x2 . . . xp
x1 x2 . . . xp
)
. Clearly γ2 = γ ∈ S and
Im α = Im γ, therefore by Theorem(2.1)(i), αL∗γ, which means that γ ∈ L∗α.
Thus, S is left abundant, as required.
Lemma 2.6. Let S ∈ {CPn,ORCPn,OCPn}. Then for n ≥ 4, S is not right
abundant.
Proof. Let n = 4 and consider α =
(
1 {2, 3} 4
1 2 3
)
. Clearly α is in S and
R∗α =
{(
1 {2, 3} 4
1 2 3
)
,
(
1 {2, 3} 4
3 2 1
)
,
(
1 {2, 3} 4
2 3 4
)
,
(
1 {2, 3} 4
4 3 2
)}
,
which has no idempotent element.
Remark 2.7. Let S ∈ {CPn,ORCPn,OCPn}. Then for 1 ≤ n ≤ 3, S is right
abundant.
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3 On strongly regular elements in ORCPn
In 2018, Ali et al. [2] characterized the regular elements in ORCPn and showed
that the semigroup ORCPn is not regular. We begin the section with a remark
concerning the product of regular elements in ORCPn.
Remark 3.1. Product of regular elements in ORCPn or OCPn is not neces-
sarily regular. Consider α =
(
1 3
1 3
)
and β =
(
1 {2, 3}
1 2
)
∈ ORCP3.
Then αβ =
(
1 3
1 2
)
is not regular.
Next, we recognize the following result (due to Hall ([10], Proposition 1.))
which is crucial in proving some of the results below.
Proposition 3.2. ([10], Proposition 1.) Let S be an arbitrary semigroup. Then
the following are equivalent:
(i) For all idempotents e and f of S, the element ef is regular;
(ii) Reg(S) is regular subsemigroup;
(iii) 〈E(S)〉 is a regular semigroup.
We now introduce the following definition. A regular element α in ORCPn is
said to be strongly regular if and only if Ker α has a convex transversal Tα. For
example, the contraction α =
(
1 3
3 1
)
∈ ORCP3 is regular but not strongly
regular, since Tα = {1, 3} is not convex. On the other hand, the contraction
β =
(
1 {2, 3}
3 4
)
∈ ORCP3 is strongly regular, since Tβ = {1, 2} is convex.
Now let SReg(ORCPn) denote the set of all strongly regular elements in
ORCPn. Then we have the following two lemmas:
Lemma 3.3. Let ǫ be an idempotent element in SReg(ORCPn). Then α can be
expressed as
(
A1 a+ 2 a+ 3 . . . a+ p− 1 Ap
a+ 1 a+ 2 a+ 3 . . . a+ p− 1 a+ p
)
, where a + 1 =
maxA1, a+ p = minAp.
Proof. Let ǫ ∈ SReg(ORCPn) be of height p. Then by the contrapositive of
Lemma(1.2) we see that Ker ǫ = {A1 < {a + 2} < . . . < {a + p − 1} < Ap},
and so Tǫ is convex. Thus by Lemma (1.4), Tǫǫ = Im ǫ is convex and hence
ǫ =
(
A1 a+ 2 a+ 3 . . . a+ p− 1 Ap
x+ 1 x+ 2 x+ 3 . . . x+ p− 1 x+ p
)
.
However, since ǫ is an idempotent then the blocks of Ker ǫ are stationary i.
e., x + 1 ∈ A1, x + p ∈ Ap, and x + i = a + i (i = 2, . . . , p − 1), which
implies x = a. However, since ǫ is regular then it follows by Lemma(1.5) that
maxA1 − (a + 1) = minAp − (a + p) = 0, showing that maxA1 = a and
minAp = a+ p, as required.
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Lemma 3.4. Let ǫ =
(
A1 a+ 2 . . . a+ p− 1 Ap
a+ 1 a+ 2 . . . a+ p− 1 a+ p
)
and
τ =
(
B1 b+ 2 . . . b+ s− 1 Bs
b + 1 b+ 2 . . . b+ s− 1 b+ s
)
be two idempotent elements in
SReg(ORCPn) with p, s = 1, 2, . . . , n. Then ǫτ is strongly regular.
Proof. Let c = max{a+ 1, b+ 1} and d = min{a+ p, b+ s}. Suppose also that
F (ǫ) ∩ F (τ) 6= ∅ and the blocks of the product ǫτ are D1, D2, . . . , Dk, where
k ≤ min{p, s}. Then clearly, c ≤ d. Thus we shall consider four cases:
(i) If a + 1 = c and a + p = d then b + 1 ≤ a + 1 and a + p ≤ b + s. Using
convexity, it is now not difficult to see that D1 = A1 ∪ [b + 1, a + 1],
Di = {a + i} (i = 2, . . . , k − 1) and Dk = [a + p, b + s] ∪ Ap. Moreover,
D1ǫτ = a + 1 = maxD1 and Dkǫτ = a + p = minDk. Hence ǫτ is a
strongly regular idempotent.
The other three cases listed below are handled similarly.
(ii) If a+ 1 = c and b+ s = d;
(iii) If b+ 1 = c and a+ p = d;
(iv) If b+ 1 = c and b+ s = d.
Now as a consequence, from Proposition(3.2) and Lemma(3.4), we readily
have:
Theorem 3.5. Let S = SReg(ORCPn). Then S is a regular subsemigroup of
ORCPn.
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